


Figure 3: Simulated (solid lines) and experimental (dashed lines) heat release rates for Tests 8–13.
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Figure 4: Simulated (solid lines) and experimental (dashed lines) heat release rates for Tests 14–19.
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6 Numerical Method

This section presents the details of the numerical algorithm. First the equations that are being solved are
presented. Each of the conservation equations emphasize the importance of the velocity divergence and
vorticity fields, as well as the close relationship between the thermally expandable fluid equations [5] and the
Boussinesq equations for which the authors have developed highly efficient solution procedures [24, 25]. All
spatial derivatives are approximated by second order central differences and the flow variables are updated
in time using an explicit second order predictor-corrector scheme.

6.1 Simplified Equations

Regardless of whether one is performing an LES or a DNS calculation, the overall solution algorithm is the
same. The equations derived in Section 2 that are to be solved numerically are listed again here.

Conservation of Mass

∂ρ
∂t

+u � ∇ρ =�ρ∇ �u (65)

Conservation of Species

∂ρYl

∂t
+u � ∇ρ Yl =�ρYl ∇ �u+ ∇ �ρD∇ Yl +Ẇ 000

l (66)

Conservation of Momentum

∂u
∂t

+u�ω+ ∇ H =
1
ρ
((ρ�ρ∞)g+ f + ∇ � τ) (67)

Divergence Constraint

∇ �u =
γ�1
γp0

 
q̇000+ ∇ � k∇ T + ∇ �∑

l

cp;lTρD∇ Yl�
1

γ�1
d p0

dt

!
(68)

Equation of State

p0(t) = ρTR ∑
l

Yl=Ml (69)

Notice that the source terms from the energy conservation equation have been incorporated into the diver-
gence and ultimately are involved in the mass conservation equation. The temperature is found from the
density and background pressure via the equation of state.

6.2 Temporal Discretization

All calculations start with ambient initial conditions. At the beginning of each time step, the quantities ρn,
Y n

i , un, H n, and pn
0 are known. All other quantities can be derived from them. Note that the superscript

(n+1)e refers to an estimate of the value of the quantities at the (n+1)st time step.

1. The thermodynamic quantities ρ, Yi, and p0 are estimated at the next time step with an explicit Euler
step. For example, the density is estimated

ρ(n+1)e = ρn�δt(un � ∇ρ n +ρn∇ �un) (70)

The divergence (∇ �u)(n+1)e is formed from these estimated thermodynamic quantities. The normal
velocity components at boundaries that are needed to form the divergence are assumed known.
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2. A Poisson equation for the pressure is solved with a direct solver

∇ 2H n =�(∇ �u)(n+1)e � (∇ �u)n

δt
� ∇ �Fn (71)

Note that the vector F contains the convective, diffusive and force terms of the momentum equation.
These will be described in detail below. Then the velocity is estimated at the next time step

u(n+1)e = un�δt (Fn + ∇ H n) (72)

Note that the divergence of the estimated velocity field is identically equal to the estimated divergence
(∇ �u)(n+1)e that was derived from the estimated thermodynamic quantities. The time step is checked
at this point to ensure that

δt < min

�
δx
u
;
δy
v
;
δz
w

�
(73)

If the time step is too large, it is reduced so that it satisfies the CFL condition and the procedure starts
from the beginning of the time step. If the time step satisfies the stability condition, the procedure
continues.

3. The thermodynamic quantities ρ, Yi, and p0 are corrected at the next time step. For example, the
density is corrected

ρn+1 =
1
2

�
ρn +ρ(n+1)e �δt(u(n+1)e � ∇ρ (n+1)e +ρ(n+1)e∇ �u(n+1)e)

�
(74)

The divergence (∇ �u)(n+1) is derived from the corrected thermodynamic quantities.

4. The pressure is recomputed using estimated quantities

∇ 2H (n+1)e =�2(∇ �u)n+1� (∇ �u)(n+1)e � (∇ �u)n

δt
� ∇ �F(n+1)e (75)

The velocity is then corrected

un+1 =
1
2

h
un +u(n+1)e�δt

�
F(n+1)e + ∇ H (n+1)e

�i
(76)

Note again that the divergence of the corrected velocity field is identically equal to the corrected
divergence.

6.3 Spatial Discretization

Spatial derivatives in the governing equations are written as second order accurate finite differences on a
rectilinear grid. The overall domain is a rectangular box that is divided into rectangular grid cells. Each cell
is assigned indices i, j and k representing the position of the cell in the x, y and z directions, respectively.
Scalar quantities are assigned in the center of each grid cell, thus ρni jk is the density at the nth time step
in the center of the cell whose indices are i, j and k. Vector quantities like velocity are assigned at cell
faces, thus the x component of velocity u is defined at the faces whose normals are parallel to the x-axis,
the y component v is defined at the faces whose normals are parallel to the y-axis, and the z component w is
defined at the faces whose normals are parallel to the z-axis. The quantity uni jk is the x component of velocity
at the forward pointing face of the i jkth cell; un

i�1; jk is at the backward pointing face of the i jkth cell.
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6.4 Large Eddy vs. Direct Numerical Simulation

The major difference between an LES and a DNS calculation is the form of the viscosity, and the thermal
and material diffusivities. For a Large Eddy Simulation, the dynamic viscosity is defined at cell centers

µi jk = ρi jk (Cs ∆)2 jSj (77)

where Cs is an empirical constant, ∆ = (δxδyδz)
1
3 , and

jSj2 = 2

�
∂u
∂x

�2

+2

�
∂v
∂y

�2

+2

�
∂w
∂z

�2

+

�
∂u
∂y

+
∂v
∂x

�2

+

�
∂u
∂z

+
∂w
∂x

�2

+

�
∂v
∂z

+
∂w
∂y

�2

(78)

The quantity jSj consists of second order spatial differences averaged at cell centers. The thermal conduc-
tivity and material diffusivity of the fluid are related to the viscosity by

ki jk =
cp;0 µi jk

Pr
; (ρD)i jk =

µi jk

Sc
(79)

where Pr is the Prandtl number and Sc is the Schmidt number, both assumed constant. Note that the specific
heat cp;0 is that of the dominant species of the mixture. Based on simulations of smoke plumes, Cs is 0.14,
Pr and Sc are 0.2. There is no rigorous justification for these choices.

The dynamic viscosity, thermal conductivity and diffusion coefficients for a DNS calculation are defined
at cell centers

µi jk = ∑
l

Yl;i jk µl(Ti jk) (80)

ki jk = ∑
l

Yl;i jk kl(Ti jk) (81)

Dl;i jk = Dl0(Ti jk) (82)

where the values for each individual species are approximated from kinetic theory [12]. The term Dl0 is
the binary diffusion coefficient for species l diffusing into the predominant species 0, usually nitrogen. It
is often the case that the numerical grid is too coarse to resolve steep gradients in flow quantities when the
temperature is near ambient. However, as the temperature increases and the diffusion coefficients increase
in value, the situation improves. As a consequence, there is a provision in the numerical algorithm to place
a lower bound on the viscous coefficients to avoid numerical instabilities at temperatures close to ambient.
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6.5 The Mass Transport Equations

Due to the low Mach number approximation being used in the model, the mass and energy equations are
combined by way of the divergence. The divergence of the flow field contains much of the fire-specific
source terms described above.

6.5.1 Convective and Diffusive Transport

The density at the center of the i jkth cell is updated in time with the following predictor-corrector scheme.
In the predictor step, the density at the (n+1)st time level is estimated based on information at the nth level

ρ(n+1)e
i jk �ρn

i jk

δt
+(u � ∇ρ )n

i jk =�ρn
i jk(∇ �u)n

i jk (83)

Following the prediction of the velocity and background pressure at the (n+ 1)st time level, the density is
corrected

ρ(n+1)
i jk � 1

2

�
ρn

i jk +ρ(n+1)e
i jk

�
1
2 δt

+(u � ∇ρ )
(n+1)e
i jk =�ρ(n+1)e

i jk (∇ �u)(n+1)e
i jk (84)

The species conservation equations are differenced the same way

(ρYl)
(n+1)e
i jk � (ρYl)

n
i jk

δt
+(u � ∇ρ Yl)

n
i jk =�(ρYl)

n
i jk(∇ �u)n

i jk +(∇ �ρD∇ Yl)
n
i jk +Ẇ 000

i jk (85)

at the predictor step, and

(ρYl)
(n+1)
i jk � 1

2

�
(ρYl)

n
i jk +(ρYl)

(n+1)e
i jk

�
1
2 δt

+(u � ∇ρ Yl)
(n+1)e
i jk =�(ρYl)

(n+1)e
i jk (∇ �u)(n+1)e

i jk +(∇ �ρD∇ Yl)
(n+1)e
i jk +Ẇ 000

i jk

(86)
at the corrector step.

The convective terms are written as upwind-biased differences in the predictor step and downwind-
biased differences in the corrector step. In the expressions to follow, the symbol �means + in the predictor
step and � in the corrector step. The opposite is true for �.

(u � ∇ρ )i jk =
1� εu

2
ui jk

ρi+1; jk�ρi jk

δx
+

1� εu

2
ui�1; jk

ρi jk�ρi�1; jk

δx
+

1� εv

2
vi jk

ρi; j+1;k�ρi jk

δy
+

1� εv

2
vi; j�1;k

ρi jk�ρi; j�1;k

δy
+

1� εw

2
wi jk

ρi j;k+1�ρi jk

δz
+

1� εw

2
wi j;k�1

ρi jk�ρi j;k�1

δz
(87)

(u � ∇ρ Yl)i jk =
1� εu

2
ui jk

(ρYl)i+1; jk� (ρYl)i jk

δx
+

1� εu

2
ui�1; jk

(ρYl)i jk� (ρYl)i�1; jk

δx
+

1� εv

2
vi jk

(ρYl)i; j+1;k� (ρYl)i jk

δy
+

1� εv

2
vi; j�1;k

(ρYl)i jk� (ρYl)i; j�1;k

δy
+

1� εw

2
wi jk

(ρYl)i j;k+1� (ρYl)i jk

δz
+

1� εw

2
wi j;k�1

(ρYl)i jk� (ρYl)i j;k�1

δz
(88)

Note that without the inclusion of the ε’s, these are simple central difference approximations. The ε’s are
local CFL numbers, εu = uδt=δx, εv = vδt=δy, and εw = wδt=δz, where the velocity components are those
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that immediately follow. Their role is to bias the differencing upwind. Where the local CFL number is near
unity, the difference becomes nearly fully upwinded. Where the local CFL number is much less than unity,
the differencing is more centralized [26].

The divergence in both the predictor and corrector step is discretized

(∇ �u)i jk =
γ�1
γp0

 
q̇000i jk +(∇ � k∇ T)i jk +∑

l

(∇ �Tcp;lρD∇ Yl)i jk� 1
γ�1

�
d p0

dt

�!
(89)

The thermal and material diffusion terms are pure central differences, with no upwind or downwind bias,
thus they are differenced the same way in both the predictor and corrector steps

(∇ � k∇ T)i jk =
1
δx

�
ki+ 1

2 ; jk

Ti+1; jk�Ti jk

δx
� ki� 1

2 ; jk

Ti jk�Ti�1; jk

δx

�
+

1
δy

�
ki; j+ 1

2 ;k

Ti; j+1;k�Ti jk

δy
� ki; j� 1

2 ;k

Ti jk�Ti; j�1;k

δy

�
+

1
δz

�
ki j;k+ 1

2

Ti j;k+1�Ti jk

δz
� ki j;k� 1

2

Ti jk�Ti j;k�1

δz

�
(90)

(∇ � cp;lTρD∇ Yl)i jk =
cp;l

δx

�
Ti+ 1

2 ; jk ρDl;i+ 1
2 ; jk

Yl;i+1; jk�Yl;i jk

δx
�Ti� 1

2 ; jk ρDl;i� 1
2 ; jk

Yl;i jk�Yl;i�1; jk

δx

�
+

cp;l

δy

�
Ti; j+ 1

2 ;k ρDl;i; j+ 1
2 ;k

Yl;i; j+1;k�Yl;i jk

δy
�Ti; j� 1

2 ;k ρDl;i; j� 1
2 ;k

Yl;i jk�Yl;i; j�1;k

δy

�
+

cp;l

δz

�
Ti j;k+ 1

2
ρDl;i j;k+ 1

2

Yl;i j;k+1�Yl;i jk

δz
�Ti j;k� 1

2
ρDl;i j;k� 1

2

Yl;i jk�Yl;i j;k�1

δz

�
(91)

(∇ �ρD∇ Yl)i jk =
1
δx

�
ρDl;i+ 1

2 ; jk

Yl;i+1; jk�Yl;i jk

δx
�ρDl;i� 1

2 ; jk

Yl;i jk�Yl;i�1; jk

δx

�
+

1
δy

�
ρDl;i; j+ 1

2 ;k

Yl;i; j+1;k�Yl;i jk

δy
�ρDl;i; j� 1

2 ;k

Yl;i jk�Yl;i; j�1;k

δy

�
+

1
δz

�
ρDl;i j;k+ 1

2

Yl;i j;k+1�Yl;i jk

δz
�ρDl;i j;k� 1

2

Yl;i jk�Yl;i j;k�1

δz

�
(92)

The temperature is extracted from the density via the equation of state

Ti jk =
p0

ρi jkR ∑N
l=0(Yl;i jk=Ml)

(93)

Because only species 1 through N are explicitly computed, the summation is rewritten

N

∑
l=0

Yl;i jk

Ml
=

1
M0

+
N

∑
l=1

�
1

Ml
� 1

M0

�
Yl (94)

In isothermal calculations involving multiple species, the density can be extracted from the average molec-
ular weight

ρi jk =
p0

T∞R ∑N
l=0Yl;i jk=Ml

(95)

Again, because only species 1 through N are explicitly computed, this expression can be written

ρi jk =
M0 p0

T∞R
+

N

∑
l=1

�
1�M0

Ml

�
(ρYl)i jk (96)

24



6.5.2 Heat Release Rate (LES)

For an LES calculation, heat is added to the flow domain through the use of heat releasing Lagrangian
particles, or thermal elements. The thermal elements are ejected from burning surfaces with a normal
velocity that is either specified by the user or automatically determined based on the specified heat release
rate per unit area, the heat of combustion, and the density of the fuel gases

un =
q̇00r

∆H ρ f
(97)

The thermal elements release energy at a constant rate. A specified fraction of the energy is emitted as
thermal radiation, and this energy can be re-absorbed by the smoke-laden gases or by the walls if desired.
The non-radiated energy from the thermal elements is interpolated on the computational grid. As input, the
user specifies the fraction of that energy lost as thermal radiation, χr, and the burn-out time of the elements
tb. The heat release rate per unit volume of the i jkth grid cell is given by the non-radiated energy

q̇000i jk =
∑m(1�χr) q̇p;m

δxδyδz
; q̇p;m =

q̇00f
tb ṅ00

(98)

where q̇00f is the heat release rate per unit area assigned to the surface from which the mth element originated,
ṅ00 is the number of thermal elements introduced per unit time per unit area at this same surface, and the
summation is over all thermal elements within the grid cell whose indices are i jk.

If desired, the radiated fraction of the energy from the thermal elements can be re-absorbed by the
smoke-laden gases, in which case an additional contribution to the heat release rate per unit volume in a
given grid cell is given by

q̇000i jk = κi jk

Np

∑
m=1

χr q̇p;m

4πjxp;m�xi jkj2
e�

R
κ(l)dl (99)

Note that here the summation is carried out over all (or a sampling) of the thermal elements, not just those
within the i jkth cell. The absorption coefficient κ is computed at the center of the grid cell. It is based on
the mass of particulate matter and the temperature within that cell

κi jk = 1186Ti jk fv (100)

Here fv is the soot volume fraction, given by

fv =
∑mp;m

ρsoot δxδyδz
(101)

where ρsoot is the density of the soot, and mp;m is the particulate mass carried by the mth thermal element

mp;m =
χs q̇p;m tb

∆H
max

�
t� t0;m

tb
;1

�
(102)

Here χs is the soot yield of the given fuel, and t0;m is the time when the mth thermal element was introduced
at the burning surface.

If sprinklers are flowing, the water droplets can cool the hot gases. The heat release rate per unit volume
is decreased

q̇000i jk =�
∑Adhd(Ti jk�Td)

δxδyδz
(103)

where the summation is carried out over all sprinkler droplets in a grid cell of volume δxδyδz. Here T is the
gas temperature, Td is the droplet temperature, Ad = 4πr2

d is the surface area of a droplet and hd = Nuk=2rd

is a heat transfer coefficient.
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6.5.3 Heat Release Rate (DNS)

In a DNS calculation, a one-step, finite-rate reaction of a hydrocarbon fuel is assumed

νCxHy CxHy +νO2 O2 �! νCO2 CO2 +νH2O H2O (104)

For each grid cell, at the start of a time step where t = tn and Yn
CxHy;i jk � YF(tn) and Yn

O2;i jk � YO(tn), the
following ODE is solved numerically with a 2nd order Runge-Kutta scheme

dYF

dt
= �

Bρa+b�1
i jk

Mb
O Ma�1

F

YF(t)
aYO(t)

b e�E=RTi jk (105)

dYO

dt
= �νO MO

νF MF

dYF

dt
(106)

The temperature Ti jk and density ρi jk are fixed at their values at time tn and the ODE is iterated from tn to
tn+1 in about 100 time steps. The pre-exponential factor B, the activation energy E , and the exponents a and
b are input parameters. The average heat release rate over the entire time step is given by

q̇
000n
i jk = ∆H ρn

i jk
YF(tn)�YF(tn+1)

δt
(107)

where δt = tn+1� tn. The species mass fractions are adjusted at this point in the calculation (before the
convection and diffusion update)

Y n
l;i jk =Yl(t

n)� νl Ml

νF MF
(YF(t

n)�YF(t
n+1)) (108)

6.5.4 Thermal Boundary Conditions

Four types of thermal boundary conditions are applied at solid surfaces. The first, and simplest, is an
adiabatic boundary condition that states that there is no temperature gradient normal to the surface. It is
implemented by assigning to the grid cell that is embedded in the solid (the ghost cell) the same temperature
as the first cell in the gas (the gas cell).

The second type of boundary condition is where the solid surface has a prescribed temperature (usually
this prescribed temperature is a function of time).

The third type of boundary condition assumes the solid to be thermally-thin. The surface temperature is
updated in time according to

T n+1
w = T n

w +δts
q̇00c + q̇00r � q̇00rr

ρscsδ
(109)

where Tw is the wall temperature, δts is the time step used when updating the thermal boundary conditions
(usually greater than the hydrodynamic time step δt), and ρs, cs, δ are the input density, specific heat and
thickness of the wall. In a DNS calculation where the boundary layer is resolved, the convective flux to the
wall is given by

q̇00c =�k
Tgas�Tw

δn=2
(110)

where δn is the size of a grid cell in the normal direction to the wall. In an LES calculation where the
boundary layer is not resolved,

q̇00c =CjTgas�Twj
1
3 (Tgas�Tw) W/m2 (111)
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where C is an empirical coefficient (0.95 for vertical surface; 1.43 for horizontal), and Tgas is the temperature
of the gas in the cell bordering the wall. The radiative flux to the wall is given by

q̇00r =
Np

∑
m=1

χr q̇p;m cosφm

4πjxp;m�xj e�
R

κ(l)dl (112)

where q̇p;m is the heat release rate of the mth thermal element and φm is the angle formed by the normal to
the surface and the line connecting the thermal element and the point on the wall.

The fourth type of thermal boundary condition is for a thermally-thick solid. In this case, a one dimen-
sional heat transfer calculation is performed at each boundary cell designated as thermally-thick. The width
of the solid δ is partitioned into N cells, clustered near the front face. The cell boundaries are located at
points xi

xi = f (ξi) = sξi +
1� s
δ2 ξ3

i (113)

where 0 � i � N, ξi = iδξ, δξ = δ=N, and 0 < s � 1 is a measure of the degree of clustering of the cells
at the front face. The width of each cell is δxi = f 0(ξi� 1

2
)δξ, 1 � i � N where ξi� 1

2
= (i� 1

2)δξ. The
temperature at the center of the ith cell is denoted Ts;i. These temperatures are updated in time using an
implicit Crank-Nicholson scheme

T n+1
s;i �T n

s;i

δt
=

α
2δxi

 
T n

s;i+1�T n
s;i

δxs;i+ 1
2

� T n
s;i�T n

s;i�1

δxs;i� 1
2

+
T n+1

s;i+1�T n+1
s;i

δxi+ 1
2

� T n+1
s;i �T n+1

s;i�1

δxi� 1
2

+

!
(114)

for 1� i� N. The boundary condition is discretized

�ks
T n+1

s;1 �T n+1
s;0

δx 1
2

= q̇00c + q̇00r � εσ
h
T n4

s; 1
2
�T 4

∞ +4T n3

s; 1
2

�
T n+1

s; 1
2
�T n

s; 1
2

�i
(115)

where Ts; 1
2
= (Ts;1 +Ts;0)=2 is the temperature at the front face. Notice that the radiative emission term has

been linearized
εσ
h
T (n+1)4

s; 1
2

�T 4
∞

i
� εσ

h
T n4

s; 1
2
�T 4

∞ +4T n3

s; 1
2

�
T n+1

s; 1
2
�T n

s; 1
2

�i
(116)

The wall temperature is defined Tw � Ts; 1
2
= (Ts;0 +Ts;1)=2.

Regardless of how the wall temperature is determined, there are two ways of coupling the wall temper-
ature with the fluid calculation. Gas phase temperatures are defined at cell centers; the wall is defined at
the boundary of the bordering gas phase cell and a “ghost” cell inside the wall. As far as the gas phase cal-
culation is concerned, the normal temperature gradient at the wall is expressed in terms of the temperature
difference between the “gas” cell and the “ghost” cell. The wall temperature affects the gas phase calculation
through the prescription of the ghost cell temperature. This ghost cell temperature has no physical meaning
on its own. Only the difference between ghost and gas cell temperatures matters, for this defines the heat
transfer to the wall. In a DNS calculation, the wall temperature is assumed to be an average of the ghost cell
temperature and the temperature of the first cell in the gas, thus the ghost cell temperature is defined

Tghost = 2Tw�Tgas (117)

For an LES calculation, the heat lost to the boundary is equated with an empirical expression

k
Tgas�Tghost

δn
=CjTgas�Twj

1
3 (Tgas�Tw) (118)

where δn is the distance between the center of the ghost cell and the center of the gas cell. This equation is
solved for Tghost , so that when the conservation equations are updated, the amount of heat lost to the wall is
equivalent to the empirical expression on the right hand side. Note that Tghost is purely a numerical construct.
It does not represent the temperature within the wall, but rather establishes a temperature gradient at the wall
consistent with the empirical correlation.
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6.5.5 Species Boundary Conditions

At solid walls there is no transfer of mass, thus the boundary condition for the lth species at a wall is simply

Yl;ghost =Yl;gas (119)

where the subscripts “ghost” and “gas” are the same as above since the mass fraction, like temperature, is
defined at cell centers. At forced flow boundaries either the mass fraction Yl;w or the mass flux ṁ00

l of species
l may be prescribed. Then the ghost cell mass fraction can be derived because, as with temperature, the
normal gradient of mass fraction is needed in the gas phase calculation. For cases where the mass fraction
is prescribed

Yl;ghost = 2Yl;w�Yl;gas (120)

For cases where the mass flux is prescribed, the following equation must be solved iteratively

ṁ00
l = un

ρghostYl;ghost +ρgasYl;gas

2
�ρD

Yl;gas�Yl;ghost

δn
� δt u2

n

2
ρgasYl;gas�ρghostYl;ghost

δn
(121)

where ṁ00
l is the mass flux of species l per unit area, un is the normal component of velocity at the wall

pointing into the flow domain, and δn is the distance between the center of the ghost cell and the center of
the gas cell. Notice that the last term on the right hand side is subtracted at the predictor step and added at
the corrector step, consistent with the biased upwinding introduced earlier.

6.5.6 Density Boundary Condition

Once the temperature and species mass fractions have been defined in the ghost cell, the density in the ghost
cell is computed from the equation of state

ρghost =
p0

R Tghost ∑l(Yl;ghost=Ml)
(122)
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6.6 The Momentum Equation

The three components of the momentum equation are

∂u
∂t

+Fx +
∂H
∂x

= 0 ; Fx = wωy� vωz� 1
ρ

�
fx +

∂τxx

∂x
+

∂τxy

∂y
+

∂τxz

∂z

�
(123)

∂v
∂t

+Fy +
∂H
∂y

= 0 ; Fy = uωz�wωx� 1
ρ

�
fy +

∂τyx

∂x
+

∂τyy

∂y
+

∂τyz

∂z

�
(124)

∂w
∂t

+Fz+
∂H
∂z

= 0 ; Fz = vωx�uωy� 1
ρ

�
fz +

∂τzx

∂x
+

∂τzy

∂y
+

∂τzz

∂z

�
(125)

The spatial discretization of the momentum equations take the form

∂u
∂t

+Fx;i jk +
Hi+1; jk�Hi jk

δx
= 0 (126)

∂v
∂t

+Fy;i jk +
Hi; j+1;k�Hi jk

δy
= 0 (127)

∂w
∂t

+Fz;i jk +
Hi j;k+1�Hi jk

δz
= 0 (128)

where Hi jk is taken at center of cell i jk, ui jk and Fx;i jk are taken at the side of the cell facing in the forward x
direction, vi jk and Fy;i jk at the side facing in the forward y direction, and wi jk and Fz;i jk at the side facing in
the forward z (vertical) direction. In the definitions to follow, the components of the vorticity (ωx;ωy;ωz) are
located at cell edges pointing in the x, y and z directions, respectively. The same is true for the off-diagonal
terms of the viscous stress tensor: τzy = τyz, τxz = τzx, and τxy = τyx. The diagonal components of the stress
tensor τxx, τxx, and τxx; the external force components ( fx; fy; fz); and the upwinding bias terms εu, εv, and
εw are located at the respective cell faces.

Fx;i jk =

�
1� εw

2
wi+ 1

2 ; jk ωy;i jk +
1� εw

2
wi+ 1

2 ; j;k�1 ωy;i j;k�1

�

�
�

1� εv

2
vi+ 1

2 ; jk ωz;i jk +
1� εv

2
vi+ 1

2 ; j�1;k ωz;i; j�1;k

�

� 1
ρi+ 1

2 ; jk

�
fx;i jk +

τxx;i+1; jk� τxx;i jk

δx
+

τxy;i jk� τxy;i; j�1;k

δy
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τxz;i jk� τxz;i; j;k�1

δz

�
(129)

Fy;i jk =

�
1� εu

2
ui; j+ 1

2 ;k ωz;i jk +
1� εu

2
ui�1; j+ 1

2 ;k ωz;i�1; jk

�

�
�

1� εw

2
wi; j+ 1

2 ;k ωx;i jk +
1� εw

2
wi; j+ 1

2 ;k�1 ωx;i j;k�1

�

� 1
ρi; j+ 1

2 ;k

�
fy;i jk +

τyx;i jk� τyx;i�1; jk

δx
+

τyy;i; j+1;k� τyy;i jk

δy
+

τyz;i jk� τyz;i; j;k�1

δz

�
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Fz;i jk =

�
1� εv

2
vi j;k+ 1

2
ωx;i jk +

1� εv

2
vi; j�1;k+ 1

2
ωx;i; j�1;k

�

�
�

1� εu

2
ui j;k+ 1

2
ωy;i jk +

1� εu

2
ui�1; j;k+ 1

2
ωy;i�1; jk

�

� 1
ρi j;k+ 1

2

�
fz;i jk +

τzx;i jk� τzx;i�1; jk

δx
+

τzy;i jk� τzy;i; j�1;k

δy
+

τzz;i j;k+1� τzz;i jk

δz

�
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ωx;i jk =
wi; j+1;k�wi jk

δy
� vi j;k+1� vi jk

δz
(132)
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ωy;i jk =
ui j;k+1�ui jk

δz
� wi+1; jk�wi jk

δx
(133)

ωz;i jk =
vi+1; jk� vi jk

δx
� ui; j+1;k�ui jk

δy
(134)

τxx;i jk = µi jk

�
2

ui jk�ui�1; jk

δx
� 2

3
(∇ �u)i jk

�
� µi jk

�
4
3
(∇ �u)i jk�2

vi jk� vi; j�1;k

δy
�2

wi jk�wi j;k�1

δz

�
(135)

τyy;i jk = µi jk

�
2

vi jk� vi; j�1;k

δy
� 2

3
(∇ �u)i jk

�
� µi jk

�
4
3
(∇ �u)i jk�2

ui jk�ui�1; jk

δx
�2

wi jk�wi j;k�1

δz

�
(136)

τzz;i jk = µi jk

�
2

wi jk�wi j;k�1

δz
� 2

3
(∇ �u)i jk

�
� µi jk

�
4
3
(∇ �u)i jk�2

ui jk�ui�1; jk

δx
�2

vi jk� vi j�1;k

δy

�
(137)

τxy;i jk = τyx;i jk = µi+ 1
2 ; j+ 1

2 ;k

�
ui; j+1;k�ui jk

δy
+

vi+1; jk� vi jk

δx

�
(138)

τxz;i jk = τzx;i jk = µi+ 1
2 ; j;k+ 1

2

�
ui j;k+1�ui jk

δz
+

wi+1; jk�wi jk

δx

�
(139)

τyz;i jk = τzy;i jk = µi; j+ 1
2 ;k+ 1

2

�
vi j;k+1� vi jk

δz
+

wi; j+1;k�wi jk

δy

�
(140)

εu =
uδt
δx

(141)

εv =
vδt
δy

(142)

εw =
wδt
δz

(143)

The variables εu, εv and εw are local CFL numbers evaluated at the same locations as the velocity compo-
nent immediately following them, and serve to bias the differencing of the convective terms in the upwind
direction. The subscript i+ 1

2 indicates that a variable is an average of its values at the ith and the (i+1)th
cell. The divergence defined in Eq. (89) is identically equal to the divergence defined by

(∇ �u)i jk =
ui jk�ui�1; jk

δx
+

vi jk� vi; j�1;k

δy
+

wi jk�wi j;k�1

δz
(144)

The equivalence of the two definitions of the divergence is a result of the form of the discretized equations,
the time-stepping scheme, and the direct solution of the Poisson equation for the pressure.

6.6.1 Force Terms

The external force term components, in addition to including the effects of buoyancy, may also include the
drag force from sprinkler droplets.

fx;i jk =
1
2

∑ρCdπr2
d(ud �ui jk)jud�uj

δxδyδz
� (ρi+ 1

2 ; jk�ρ∞)gx (145)

fy;i jk =
1
2

∑ρCdπr2
d(vd � vi jk)jud �uj

δxδyδz
� (ρi; j+ 1

2 ;k�ρ∞)gy (146)

fz;i jk =
1
2

∑ρCdπr2
d(wd �wi jk)jud�uj

δxδyδz
� (ρi j;k+ 1

2
�ρ∞)gz (147)

where g = (gx;gy;gz) is the gravity vector, rd is the radius of a droplet, u = (ud ;vd ;wd) the velocity of a
droplet, Cd the drag coefficient, and δxδyδz the volume of the i jkth cell. The summations represent all
droplets within a grid cell centered about the x, y and z faces of a grid cell respectively.
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6.6.2 Time Step

The time step is determined by the CFL condition, and in cases of high viscosity, a parabolic stability
criterion typical of explicit second order accurate schemes

δt < min

�
δx
ui jk

;
δy
vi jk

;
δz

wi jk
;
ρi jk δx2

8µi jk
;
ρi jk δy2

8µi jk
;
ρi jk δz2

8µi jk

�
(148)

The estimated velocities u(n+1)e , v(n+1)e and w(n+1)e are tested at each time step to ensure that the above
condition is satisfied. If it is not, then the time step is set to 0.8 of its allowed maximum value and the
estimated velocities are recomputed (and checked again). The parabolic stability criterion is only invoked
for a DNS calculation.

6.7 The Pressure Equation

The divergence of the momentum equation yields a Poisson equation for the pressure

Hi+1; jk�2Hi jk +Hi�1; jk

δx2 +
Hi; j+1;k�2Hi jk +Hi; j�1;k

δy2 +
Hi j;k+1�2Hi jk +Hi j;k�1

δz2

=�Fx;i jk�Fx;i�1; jk

δx
� Fy;i jk�Fy;i; j�1;k

δy
� Fz;i jk�Fz;i j;k�1

δz
� ∂

∂t
(∇ �u)i jk (149)

The lack of a superscript implies that all quantities are to be evaluated at the same time level. This elliptic
partial differential equation is solved using a direct (non-iterative) FFT-based solver that is part of a library
of routines for solving elliptic PDEs called CRAYFISHPAK [27]. To ensure that the divergence of the fluid
is consistent with the definition given in Eq. (10), the time derivative of the divergence is defined

∂
∂t
(∇ �u)i jk =

(∇ �u)(n+1)e
i jk � (∇ �u)n

i jk

δt
(150)

at the predictor step, and then

∂
∂t
(∇ �u)i jk =

2(∇ �u)n+1
i jk � (∇ �u)(n+1)e

i jk � (∇ �u)n
i jk

δt
(151)

at the corrector step. The discretization of the divergence was given in Eq. (89).
Direct Poisson solvers are most efficient if the domain is a rectangular region, although other geometries

such as cylinders and spheres can be handled almost as easily. For these solvers, the no-flux condition (152)
is simple to prescribe at external boundaries. For example, at the floor, z = 0, the Poisson solver is supplied
with the Neumann boundary condition

Hi j;1�Hi j;0

δz
=�Fz;i j;0 (152)

However, many practical problems involve more complicated geometries. For building fires, doors and
windows within multi-room enclosures are very important features of the simulations. These elements may
be included in the overall domain as masked grid cells, but the no-flux condition (152) cannot be directly
prescribed at the boundaries of these blocked cells. Fortunately, it is possible to exploit the relatively small
changes in the pressure from one time step to the next to enforce the no-flux condition. At the start of a time
step, the components of the convection/diffusion term F are computed at all cell faces that do not correspond
to walls. At those cell faces that do correspond to solid walls, prescribe

Fn =�∂H
∂n

�
+βun (153)
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where Fn is the normal component of F at the wall, and β is a relaxation factor empirically determined to be
about 0.8 divided by the time step δt. The asterisk indicates the most recent value of the pressure. Obviously,
the pressure at this particular time step is not known until the Poisson equation is solved. Equation (153)
asserts that following the solution of the Poisson equation for the pressure, the normal component of velocity
un will be driven closer to zero according to

∂un

∂t
��βun (154)

This is approximate because the true value of the velocity time derivative depends on the solution of the
pressure equation, but since the most recent estimate of pressure is used, the approximation is very good.
Also, even though there are small errors in normal velocity at solid surfaces, the divergence of each blocked
cell remains exactly zero for the duration of the calculation. In other words, the total flux into a given
obstruction is always identically zero, and the error in normal velocity is usually at least several orders of
magnitude smaller than the characteristic flow velocity. When implemented as part of a predictor-corrector
updating scheme, the no-flux condition at solid surfaces is maintained remarkably well.

At open boundaries (say i = I), H is prescribed depending on whether the flow is incoming or outgoing

HI+ 1
2 ; jk = (u2

I; jk + v2
I; j� 1

2 ;k
+w2

I; j� 1
2 ;k

)=2 uI; jk > 0

HI+ 1
2 ; jk = 0 uI; jk < 0

(155)

where I is the index of the last gas phase cell in the x direction and uI; jk is the x component of velocity at the
boundary. The value of H in the ghost cell is

HI+1; jk = 2HI+ 1
2 ; jk�HI; jk (156)

6.8 Particle Tracking

Thermal elements are introduced into the flow field as a means of introducing heat and as a way to visualize
the flow. The position xp of each thermal element is governed by the equations

dxp

dt
= u (157)

The thermal element positions are updated according to the same predictor-corrector scheme that is applied
to the other flow quantities. Briefly, the position xp of a given thermal element is updated according to the
two step scheme

x(n+1)e
p = xn

p +δt un (158)

xn+1
p =

1
2

�
xn

p +x(n+1)e
p +δt u(n+1)e

�
(159)

where the bar over the velocity vector indicates that the velocity of the fluid is interpolated at the element’s
position.
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7 Conclusion

The equations and numerical algorithm described in this document form the core of an evolving fire model.
As research into specific fire-related phenomena continues, the relevant parts of the model can be improved.
Because the model was originally designed to analyze industrial scale fires, it can be used reliably when the
fire size is specified and the building is relatively large in relation to the fire. In these cases, the model pre-
dicts flow velocities and temperatures to an accuracy of 10 to 20% compared to experimental measurements.
Currently, research is focussed on improving both the gas phase and solid phase descriptions of combustion
in the model so that simulations involving fire growth and suppression, especially in residential sized rooms,
can be improved.

Any user of the numerical model must be aware of the assumptions and approximations being employed.
There are two issues for any potential user to consider before embarking on calculations. First, for both real
and simulated fires, the growth of the fire is very sensitive to the thermal properties of the surrounding
materials. Second, even if all the material properties are known, the physical phenomena of interest may not
be simulated due to limitations in the model algorithms or numerical grid. Except for those few materials
that have been studied to date at NIST, the user must supply the thermal properties of the materials, and then
validate the performance of the model with experiments to ensure that the model has the necessary physics
included. Only then can the model be expected to predict the outcome of fire scenarios that are similar to
those that have actually been tested.
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8 Nomenclature

As water droplet surface area
B pre-exponential factor for Arrhenius reaction
C Sprinkler C-Factor
CD drag coefficient
Cs Smagorinsky constant (LES)
cp constant pressure specific heat
D diffusion coefficient
D� characteristic fire diameter
dm median volumetric droplet diameter
E activation energy
f external force vector (excluding gravity)
g acceleration of gravity
H total pressure divided by the density
h enthalpy; heat transfer coefficient
hi enthalpy of ith species
k thermal conductivity; suppression decay factor
M molecular weight of the gas mixture
Mi molecular weight of ith gas species
ṁ00

w water flux per unit area
m00

w water mass per unit area
Nu Nusselt number
Pr Prandtl number
p pressure
p0 background pressure
p̃ pressure perturbation
q̇000 heat release rate per unit volume
q̇00f fire heat release rate per unit area
q̇00r radiative flux to a solid surface
q̇00c convective flux to a solid surface
q̇00rr radiative loss from a solid surface
q̇00w water cooling per unit area
R universal gas constant
Re Reynolds number
rd water droplet radius
RTI Response Time Index of sprinkler
S deformation tensor
Sc Schmidt number
T temperature
t time
tb thermal element burn-out time (LES)
u = (u;v;w) velocity vector
Ẇ 000

i production rate of ith species per unit volume
We Weber number
x = (x;y;z) position vector
Yi mass fraction of ith species
γ ratio of specific heats
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∆H heat of combustion
δ wall thickness
ε emissivity
κ absorption coefficient
µ dynamic viscosity
νi stoichiometric coefficient
ρ density
τ viscous stress tensor
χr radiative loss fraction
χs smoke or soot yield
σ Stefan-Boltzmann constant
ω= (ωx;ωy;ωz) vorticity vector
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