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Theoretical predictions for the mechanical response of a model quartz
crystal microbalance to two viscoelastic media: A thin sample layer
and surrounding bath medium
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Theoretical predictions are presented for the operating characteristics of a quartz crystal
microbalancg QCM) system consisting of the crystal, an attached viscoelastic sample layer, and a
surrounding viscoelastic bath medium. Predictions are given for the spatial variation of “particle”
velocity and velocity gradient throughout the sample layer, for the characteristic mechanical
impedance acting on the crystal surface due to the viscoelastic sample layer plus surrounding bath
medium, and for the resultant changest,, in the resonance frequency of the QCM. Errors
introduced by employing the usual simple Sauerbrey-tyde@sample-layer—mass relationship,
together with a constant frequency offset to approximate the effect of the viscoelastic bath medium,
are explored. In general, the viscoelastic properties of both the sample and bath media can
substantially affect the apparent thicknésess of the sample layer if it is obtained by employing

the typical Sauerbrey-type approximation noted above.199 American Institute of Physics.
[S0021-960629)50845-3

INTRODUCTION predicted®!*and experimentally verifiéd (very low viscos-

In many studies, measurement of very small sampléty media to be approximately equivalent to a constant fre-

masses is necessary. Knife edge or electronic balances cgHeney dqffset frgm th.e resona?c_(l?hf.reﬂuer}qé ?een whetn no
readily achieve a sensitivity of about 0.01 mg while electro->tTounding medium 1s present. This has lec o a great ex-

static balances have a typical sensitivity of Ogdpand prob- pian5|8n Of. app;llcat]ons in which thf Q.CM hasck;;eq t? m-
ably represent the state-of-the-art in commercial instrumentgloyed. Quite often in these new applications a QCM with an

for direct mass determination. Rapid advances in fields sucﬁppl'ed_ viscoelastic sample I_ay_er, the mass or th|cknes_s of
which is to be determined, is immersed in a surrounding

as surface science, microelectronics, and thin film technolo-’ . . . . o
gies have made the ability to measure even smaller masses YFCOUS 0F viscoelastic medium. Theoretical predictions for
critical importance. this situation have not been presented. Thus for QCMs as

Quartz crystal microbalancé®CMSs), developed in the currently employed, there are several questions that_ have not
late 1950’s and early 1960’s, appear to fulfill these mas®een addressed. For example, underov3v1r1at conditions are
measurement needs at least for some samples; nominal §nPle Af/samplelmass(Sauerprey-typ)é " relationships
detection limits have been reporttdihese devices have applicable? How is the behavior of a viscoelastic sample
three attractive features: high measurement precigibleast  layer and the QCM resonance frequency affected by the
1 part in 16 for resonance frequengytemporal stability of ~Presence of a second surrounding viscoelastic bath medium?
the resonatofppb for weeks and relatively low cost. How- What is the relationship between what is physically occur-
ever, QCMs do nobIRECTLY measure mass. With a quartz ing in the sample layer and the change in resonance fre-
crystal microbalance system, the mass of a thin sample layéuency that is being sensed? In this article, theoretical pre-
attached to the surface of a QCMIiFERRED from the re-  dictions are presented for the spatial variation of the velocity
sultant changeA f,, in resonance frequencf;,, from that of ~ and velocity gradient throughout the sample layer, the char-
the bare quartz resonatof?, due to the influence of the acteristic mechanical impedance at the crystal surface due to
sample. If the applied layer is firmly attached and rigisb- ~ the presence of the viscoelastic sample layer plus a surround-
tion within the layer is spatially constant in both amplitude ing viscoelastic bath medium, and the resultant changes in
and phasg the change in resonance frequency can be diQCM resonance frequency obtained by employing a simple
rectly related to sample mass. Recently, QCMs oscillating ihfarmonic oscillator approximation to the quartz resonator to-
simple shear have shown high mechanical Qs even whe@ether with the characteristic impedance due to the attached
immersed in liquids or other mechanically lossy medi®.  sample layer and surrounding medium. Predictions are pre-
The effect of a surrounding lossy medium on the resonanceented for selected cases to illustrate the link between what is
frequency of a bare QCM has been theoreticallyoccurring in the sample layer and surrounding medium and

changes in the QCM resonance frequency.
At this point it is important to note that previous theo-

dpresent address: NIST, Bldg. 226, Rm. B350, Gaithersburg, Mary-

land 20899. retical treatments, as well as the one presented here, have
D Author to whom correspondence should be addressed. idealized the quartz crystal resonator motional behavior by
0021-9606/99/111(24)/11192/15/$15.00 11192 © 1999 American Institute of Physics
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assuming only an in-plane motion of the surface of theNwankwd"). An important case for which no predictions are
quartz crystal so that only simple shear waves propagatavailable to date is that of the crystal with attached viscoelas-
away from its surface. Recent experimental evidence hasic sample layer immersed in a second viscoelastic bath me-
confirmed that, in addition to shear waves, a longitudinaldium. The influence of the surrounding medium is evident
wave component is also usually produced by the actual moahen the QCM is used in liquid systems; the combination of
tion of quartz crystaf as noted years ago by Jaffe: If a viscoelastic sample layer plus surrounding viscoelastic bath
one is attempting to determine the viscoelastic properties ahedium can exhibit even more complex behavior. At typical
the sample layer, the presence of a longitudinal wave comQCM operating frequencies, many liquids are viscoelastic.
ponent propagating in the sample and surrounding bath me- There have been treatments of the QCM with an at-

dium will usually considerably increase the difficulty of in- tached layer that employ electroacoustic analogies together

terpreting the data. with transmission line theol# There also is a treatment of
the electrical behavior of a layered piezoelectric resorfdtor.
BACKGROUND These approaches led to formal solutions that in principle

could be applied to the cases considered here, but interpre-

Excellent descriptions of the historical development oftation of the results is complicated.
the QCM are in the literatur®;*’ so only a brief overview is This article presents a rigorous derivation of the charac-
presented here. Catfyapparently developed the first piezo- teristic mechanical impedance acting on a quartz resonator
electric resonator in 1918. In 1957 Orbeonsidered the (simple shear deformatiprdue to an attached viscoelastic
problem of a quartz plate loaded by a rigid surface film ofsample layer and a surrounding viscoelastic bath medium
metal and predicted the experimentally observed frequencyhich enables quantitative evaluations of the various simpli-
shifts; this is the first description of a device similar to thefications and approximations employed previously in the
modern quartz crystal microbalance. analysis of QCM data. This impedance, together with a

Sauerbrey?**first in 1957 and later in 1959, published simple harmonic oscillator approximation of a quartz resona-
pioneering articles which provided a description and experitor, is used to examine QCM resonance frequency behavior
mental verification of the mass/frequency shift relation foras a function of the viscoelastic properties of sample and
rigid foreign layers firmly attached to the surface of a reso-surrounding media to determine the conditions under which
nator; this derivation implicitly assumes that a deposited thiresonance frequency shifts, together with the usual simple
layer of foreign materialmassmy) is at the antinode of the analysis approaches, can and cannot provide sample mass
standing wave in the quartz crystal and that its density andeterminations. The included theoretical predictions for the
shear modulus are such that it can be treated approximate§patial variation of the velocity and velocity gradient
as an extension of the quartz crysfahe mass of the for-  throughout the sample layer show the origins of the eventual
eign material () attached to the surface of the crystal failure of simpleAf/mass relationships.
would be equivalent to an increase in the mass of the crystal

(Amg)]. Thus the frequency change was calculated as

though it was simply the result of an increase in the thickneS%EAABELN¥AR'AT'ON OF VELOCITY AND VELOCITY
of the crystal.

Since the crystal-induced strains in the sample are gen-

_of2
= ﬂ A erally very small, the analysis presented here assumes that
Af, Mg, D : _ i
AVpyGy the sample layer and the surrounding medium exhibit linear

whereAf, is the change in resonance frequency due to thé{iscoelas.tic pehavio??""S.For steady_—state,_ sinusoidally_
added masst,, is the resonance frequency of the unloaded!Me-varying IS|mpIe Shea?'”g defo_rmatlons,. e|the_r medium is
resonatorp, and G are the density and shear modulus ofdescribable in tfrms_ of its density and elther its complex
quartz, respectively; and is the surface area of the resona- shear moduluss™ or its complex viscosityy®.

tor. From this relation the sensitivity of the QCM was pre- G*=G'+iG"=Gye""’,

dicted and §ubsequently gxperimentall_y verified_ tp . be . 2)
~10 *?g.1 This treatment is rigorously valid only for infini- _ G* _ 7 —in'=pye ¢

tesimally thin films that have an acoustic impedartfer o e

shear wavesclose to that of quartz, conditions that are ap-\ hereG’ or 5" describe energy storage a@f or 7' de-

proximated well by fairly rigid, firmly attached thin films.  gcripe energy dissipation in the media. Time varying shear-
There have been several extensions of Sauerbrey’s pigsg deformations of viscoelastic media give rise to propagat-
neering work including more realistic de_scr|pt|0ns _of the iN-ing shear waves. For freely propagating sinusoidally time
fluence of the sample layer, such as incorporation of th‘?/arying plane shear waves, the medium displacergésof
effects of shear waves propagating in the attached samplea” form £=£4e (@7 where y is the complex wave

medium and thus the inclusion of its mechanical propertiesygnagation factor which is related to the viscoelastic prop-
Working equations have been obtained for the followingg ties and density of the medium in which the waves are
cases: the crystal and attached rigid lay8tockbridge,® traveling6-48

crystal immersed in a viscous medium of infinite extent '
(Kanazaw#'®'! and crystal and attached viscoelastic layer
(Miller,*®  Benes*'*?  Johannsmant®  Kanazawa?

_'w 1/2
: p) , 3

'y=(B—|a)=< 7
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infinite in extent in thet+ x direction. Steady state conditions

— Vi . .. .
| - - élssfgﬁqu are assumed; the velocity of the driving surfaceat—D is
R taken to be
o= o', (6)

whereglis in they direction. For a sufficiently large driving
surface area this will, in general, lead to plane shear waves
propagating in these media. Initially, the moving driving sur-
face would produce a plane shear wave propagating in the
+x direction; the interface between the two mediaxatO
would then give rise to a reflected wave traveling in the
direction in medium 1 and a transmitted wave propagating
(+x direction in medium 2. Many repetitions of this at

=0, and subsequent reflectionsxat — D, lead to a resultant
FIG. 1. pY2\, vs. f for plane shear waves as a function of the viscoelastic Steady-state wave field that can be represented in terms of
properties of the medium. Solid line: Purely viscous limit; dashed line:three waves A, B, and C, as shown. The A wave represents
puzely elastic limit; gray area corresponds to valuespdbetween 0° and  the sum of all waves propagating in thex direction in

90° medium 1; the B wave, the sum of all waves propagating in
the —x direction in the same medium. The C wave represents
the sum of all waves propagating in thiex direction in
medium 2(no reflected wavesShear waves generally show
rapid spatial attenuation except in highly elastic media; thus
the assumption of no reflected waves in medium 2 from

o wp sample container walls is generally an excellent approxima-
=~—="\ - —cod(m/4)—(4/2)],
M

2

“10°

Frequency (Hz)

where w is the radian frequency andthe density.3 is re-

lated to the shear wavelengih and « specifies the spatial

attenuation of the wav&® 48

(4) tion at QCM frequencies even for small containdis. wa-

As ter, 5 MHz shear waves attenuate by a factor of<219° in
wp a distance of 8um.) In the following, all parameters that
a= \/%Slf{(ﬂ/ﬁr)—((ﬁ/z)]- (5)  relate to medium 1 or medium 2 carry the subscript 1 or 2,
respectively.

The angle¢ of the complex viscosity is readily specified in
terms of @ and B (tang=(%"1%")=[(Bla)—(alB)]/2, or
tan(&2) = a/ B).*54"*Thus, for a perfectly viscous medium
(¢p=0°), a= B, for a perfectly elastic materialg{=90°), S .
a=0. For convenience when assessing QCM behavior in the  ¢*=Ae ™ (®1=71X 4 Beti(@tty)  for —D=<x=<0, (7)
following sections, Fig. 1 presents a plot pt2\ ¢ vs. fre-
guency for a wide range of \_/iscoelastic properties so tha(tmd in medium 2 by
values of\¢ can be readily estimated.

The two-media case being considered here is illustrated
in Fig. 2. A driving surface ak= —D represents the crystal & =Cem(@=70 for x=0, (8)
surface of a QCM in contact with the sample layer; the in-

terface between the sample and the surrounding viscoelast\i/ghere the amplitude coefficiens B.C are. in general, com-
medium is atx=0. Thus, medium Xsample layer has a P § N9 '

thicknessD while medium 2 is assumed to be effectively pl*ex as are thg propagation coefficients The shear rate
Y4y is given by

The spatial variation of the veIocit&* in medium 1 is
given by:

. [0E, o
Medium 2 Vay= ( % + ;;) . 9

However, since has only ay component, the shear rate and
the velocity gradientg* (x direction are identical (yjy

=a§y/ax=g*). Thus, from here ong* is used in place of
'y;‘y to simplify notation(all 's will be cor@le& propa_gation
coefficients. The unspecified coefficients, B, andC are

_ _ _ , _ evaluated by employing appropriate boundary conditions
FIG. 2. Model system for which velocity and velocity gradient spatial pro-

files in the sample layer and surrounding medium and the characteristiésee'Appendi)( The resulting expressions fgF andg* in
impedanceat x= —D) have been obtained. media 1 and 2 are:

E;ds = &Oew)t
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TABLE |. Three categories of thin sample layer/surrounding bath media illustrating three distinct applications regimes for quartz crystdhmesoba

(frequencies assumed to be in the range fromi®° to 5x 10° Hz.)?

Sample Bath MM Nam ! @2 approx. Comments on Evaluation of Sample
layer medium (Poise (Poise B B2 B11B: Layer Thickness
Thin metal air =10 =2x10"4 <0.001 1 0.01  Simple Sauerbrey analysis applies unless sample
layer or to layer thickness is very small. Althougsy /3, is
vacuum 0.5 large, X;, from bath is very small since
p, is <0.001 g/cm [see Eq.(27)].
Thin metal water =10 0.01 <0.001 1 <0.005 Sauerbrey type analysis usually applies unless
layer sample layer is very thin, in which case medium 2
Thin glassy water =>5x 107 0.01 <0.02 1 <0.008 contribution usually can be treated as additive
polymer (see summany but each case should be evaluated
layer carefully.
Thin water =2 0.01 =0.5 1 <0.1 Significant deviation from simple Sauerbrey type
rubbery behavior is common. Full impedance treatment is
polymer usually necessary.
layer
*References 45, 53, 54.
medium 1: whereE,F,J,K,L,N,R andQ are defined in the Appendix. For
. ) graphical simplicity, the spatial variation of a normalized
= §O[P_'Q]eiwt velocity is examined when exploring the spatial motional
[E+iF] variation in the sample layer.
; 2 211/2 . .
:&E[Pz +(3]1]2 gilot—tan {(QIP) ~tan” X(F/E)] & &
TEZL 12 =
E“+F - Lo
(E)x—-p &E'™"
for —D=x=<0, (20
2, 2712
and _ [P™+Q7] ei[—tan*(Q/P)—tan*l(F/E)]
. [E2+ F2]l/2
. Eon[K+iL]e .
T T EXiFE =Me'Y for —D=x<0. (14
50ﬁ1[1+(a1/31)2]1/2[K2+ L2]12 T_hree basic categories of sample Iayer{sgrroundmg.bath me-
= 1 dium have been selected to illustrate distinct behaviors typi-
[E“+F] cally seen in many QCM applications: metal sample layer/
w gilot—m2—tan Yay /gy —tan” {L/K)—tan Y(F/E)] water, glassy polymer sample layer/water, and rubbery
polymer sample layer/water. Table | lists typical material
for —D=x=<0; (11 parameter ranges for these cases. Also shown are brief sum-
medium 2- mary comments on analysis approaches needed for these
' cases. The influence of viscoelastic bath media is addressed
3 E L ater. S .
= We lllustrations of the spatial variation & and W in layer
1 are shown in Fig. 3 for an unusual metal layer/water case
'.é_—o[JZ_’_NZ]l/Z ‘ » i with ;amplg layer thicknesg;D=1 (B.D specifies thick-
_ e i[ wt+tan™ 1(N/J)—tan~ {(F/E)] ness in units of wavelength, a reduced variable format that
eliminates the need to specify, ), of layer 1) which corre-
for x=0, (12 sponds to a layer perhaps ten times thicker than is typically
q encountered=0.16\g). The influence of the surrounding
an

&y [J+iN]e!
~ [E+iF]

EoBal 1+ (a1/B1)?]1Y] I2+ N2 |12
N [EZ+ F2]2

*

% gllet+(w/2)—tan” Yay1By)+tan Y(N/J)—tan L(F/E)]

for x=0, (13

medium is specified by3,/8, (ratio of the shear wave-
lengths for the two medja0.001 corresponds to a worst case
metal layer/water interfacezf/p, only 1¢° times larger
thanz,u/p,). These values g8,D andB, /8, were chosen

to represent a worst case extreme; note that medium 2 is
purely viscous.(A typical thin layer of metal on a QCM
surrounded by air would correspond #©,D=<0.01 and
B1/B,=<0.00001. An extracellular polymer produced by
bacteria and adsorbed onto the surface of a QCM probably
corresponds toB;D=<1 and B,/8,=<0.1.) If the sample
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203 oo E proximating rigid layer behavior. If the two media are closer

18_‘5 o/B, = 1.0 —— in mechanical propertiesd; /8,=0.1, 8:D=0.1), M varies

"3 pyipy =10 T dE by up to 1% throughout the sample addvaries by up to

Lsé Bé/Bszfgm ) ,‘-'jjj:j_f ------------------ 2F 1.2°, showing a small but now significant influence of the
3 v =1 ries u E

A second layer. Thus, as shown later, when the applied layer 1
A 3 is thin (8,D=0.1 corresponding t®<0.015%,), and the
= 7 A 2 difference in mechanical properties between layer 1 and

12‘ j layer 2 is large B1/8,=<0.001), the application of simple
T R — _ Sauerbrey-type expressions relating the change in layer
E 0.75 E thickness to change in resonance frequency can be employed
083 T e 3 with minimal error. As the layer thickness becomes larger,
o/B =10 F there will be significant deviations from rigid layer behavior,
06 3 and differences in the viscoelastic nature of the sample layer
0 00 08 o7 06 05 o4 03 02 o1 00 can result in Qramatically olliffer.ent' spgtial \{arliations of the
B X reduced velocity(The velocity distribution within a sample
@ 1 layer probably cannot be experimentally determined for a
0o i typical QCM)
o/ =10 7 3
3 e/, =10 T T :
3 pé/% =—16%o1 075 3 MECHANICAL IMPEDANCE AT THE DRIVING
] 1Py =Y. r
& 303 3 The velocity and velocity gradient expressions presented
g 25 0.4 g above reflect actual motions in the sample layer. The effect
|

2] 3 of these motions is to exert forces on the driving surface
] 4 : which lead to the changes in resonance frequency usually
monitored for QCMs. A particularly convenient way to ex-
amine these effects is to consider the mechanical impedance
at the driving surface of the QCM due to the presence of
media 1 and 2; this impedance is affected by the spatial
variation of motion in the sample layer and in the second
medium. In contrast to the spatial distribution of the velocity
and velocity gradient in the sample layer, this impedance can

FIG. 3. (a) Magnitude(M) of normalized velocity vs. reduced variable po- o yatarmined experimentallfRecall that for an ideal mov-
sition (B1X) in thick sample layer in contact with purely viscous second .

(bath medium of much lower viscosityrfyy / 7.u=1CF). Moving surface  INJ Mass the mechanical impedan€g= Ry +iX,, would

at 8;x=—1; interface between two media Aix=0. (b) Relative phasing beZy=iXy=1wM.)

(W) of normalized velocity vs. reduced variable positighx in thick The effect of layer 1 and the surrounding bath medium

sample layer in contact with purely viscous second bath medium of muct“ayer 2, on QCM behavior is conveniently explored in terms

lower viscosity @7/ 7.m=10°). Moving surface ai3;x=—1; interface L S | S

between two media a8,x=0. of the complex characteristic impedargg= R}, +iX;, (im-
pedance per unit argd=or the experimental configuration of
Fig. 2, the characteristic impedance acting on the driving

surface is given by
layer (layer 1) were behaving like a perfectly rigid material,

M would equal 1 andV would equal 0° throughout layer 1. S 79"
The left side of the plots{ 8;x=8,D) corresponds to the Zn=— .
QCM driving surface, and the right side of the plg8,k & o
=0) to the interface between medium 1 and medium 2. Fosypstitution of Egs(10) and(11) into (15) yields
this layer thicknessM varies substantially; it can be greater . )
or less than one depending on the viscoelastic character of 75 _ 71 valK+iL] (16
the layer. Note that since tab~[(B1/a1)—(aq/B1)]12 or m [Q+iP]
tan (612)= (a4 /B841), the quantity; / B; can be thought of as from which
a “viscoelastic ratio” for mediumi. Clearly medium 1 is not
approximating rigid layer behavior. The angleshows up to Q”
P/l
17
o)
B/
(18

(b)

(15

ay

B1

+tan | !

K —tan

RS = |Zﬁq|cos{ — ¢, —tan !

a 50° shift for a purely viscous sample layer,(8,=1),
and even for a highly elastic layew(/8,;=0.01, not shown
there is still a 1° shift. Thus, for thick layers, assuming rigid
sample layer behavior frequently will introduce considerable
error. For more typical applications of the QCNB,D XS =|Z5 |sir{ — p—tan
=0.1, B,/B,=0.001),M varies by 0.52% at most through- ~™™ m 1

out the sample, whil&V varies by 0.6° at most, closely ap-

ay

B1

+tan | — 1

K —tan
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where

TR

mmBil 1+ (ay/ B2 K2+ L2

|an| = [P2+ Q2]1/2

(19

0/B,=1.0 0.1 !
po/p1 =1.0 ;'
/B, =0.001 ;

These equations reduce to known expressions for spe_-%
cific cases: the general case of gap wibDtlwvhere the driving =
surface is ak=—D and a fixed reflector is at=0""*and  —=
two limiting cases of this configuration that are frequently
used in rheological instruments: the “gap loading” limit for 1
which the gap width is infinitesim4f,*> and the “surface

WL L L L L

TSI

loading” limit for which the gap width is effectively infinite E AN oy By =0.0
(driving surface atx=—D but effectively no reflecting A
surface.514552 The details of these comparisons are pre- (@ . > % ¢ ©8 é;OD A
sented elsewherg.

To obtain a universal plot format, a reduced characteris. =~ 0020 gr-bsmmbi b b bonbondboodnn o by
tic mechanical impedanc&f)y has been obtained by divid- 0018 b 3
ing the characteristic mechanical impedarnée. (16)] by 0016 00007 -

Vwpin1y SO that there is no need to specify the magnitude 00143 40006 |

of the complex viscosity or density of the sample layer or the , o012 00005 el eioto
working frequency of the specific experimental setup bein¢. € oo03 e

; 2\12n-i[gy+tan Yaylp)] &, 1 o000 ‘ .
considered. i Jg%“{'f? 7}-/[4}]4— (a1/B1)] 7 e 0.008 0000 0.002 0004 0006 0008 0010 c
=\Jwp1m1me 1 .) The components of the re- 0,006 ] / F

o : ] 0P, =10 04 T
duced characteristic impedance are given by 0004 ] op 1.0 -
] By/p, =0.001
[K2+ L2]1/2 0.002
(RWN=Tp2 a2 0.000 ] =00
[P +Q ] _"'l"'|"'|"'|"'|'"1--'|-'-|-'-|"'|"'|'?l'[|$l"'|' -
¢ L Q (b) 0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22 0.24 0.26
1T 1 ~1 ) } B
Xco{—————ktan —|—tan | = ||,
2 4 K P 0.100 -t Las gaa 1 Lo sar Lo v v e aalaaaa i loegnv iy I...n:
(20 0.005 3 =10 E
0.090 (< PR
2.4 2912 3 /B, =0.1 . 3
(X5) :[K +L7] 0085 3 BBy /B =10_.~ 2
m/N [PZ‘FQE]]]Z 0.080—; /_,./" ///i—
0.075 3 T 075 -~ 2
¢ L Q 20070 3 === T -7 E
Xsin — —— —+tan Y| — | —tan | S| |. — ]
r{ 2 4 K P 065 3

(21)

These reduced real and imaginary impedance componen
have been examined for a variety of conditions.
Three different ways of examining characteristic imped-

E

ance predictions have been explored. The first is presente 0.030 A e T T e T e
here; the other two are described and observations noted, b (¢ b4 0% o 06 00 ox
the details are presented elsewh&rén the first approach, '

reduced C_haraCteriStiC impedance components are examineg. 4. (a) Real part RS)\ of the reduced characteristic mechanical imped-
as a function of layer 1 thickness, again expressed in terms @hce at the drive surfacec — D) vs. ;D for various values of the “vis-
B.D; Figs. 4 and 5 show results for two ranges @D coelastic ratio” a; / 3, for a large range of sample layer thickness; second
(B,D<2.0 andB;D<0.3) representing ranges for thick and medium purely viscous withy,y, / 7,u=10° (second medium contribution
thi le | A d his t luat thsmaID. (b) (Ry)n at x=—D vs. g,D for various values ofx, /B, for a

n Sam?? ?‘yers' sec.o.n approach 1is 1o e}’a_u"?‘ € Mmall range of sample layer thickness; second medium purely viscous with
characteristic impedance divided by the characteristic impeds,,, /7,,,= 10 (second medium contribution smalinset shows thin layer
ance if only layer 1 were present; this format sensitivelyregion of plot.(c) (R%)y atx=—D vs. 8,D for various values oft / 3, for
reflects changes due to the presence of the Surrounding bagigmall range of sample layer thickness; second medium purely viscous with
medium (“layer 2”). A third approach is to evaluate the 7m! 72w= 107 (second medium contribution substantial
characteristic impedance divided by the characteristic imped-
ance if only the bath medium were present; this format isance versus sample layer thickness when a purely viscous
particularly sensitive to the changes due to the presence aecond bath medium is present are shown in Figs. 4 and 5;
the attached samplgayer J). the different curves are for different values @f/3,; and

Predicted values of the reaR})y and imaginary ;) thus reflect changes caused by changes in the “viscoelastic

components of the reduced characteristic mechanical impedatio” for medium 1. The effect of the second medium is
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FIG. 5. (a) Imaginary part K})y of the reduced characteristic mechanical
impedance at the drive surfage= —D vs. 8,D for various values of the
“viscoelastic ratio” «,/B, for a large range of sample layer thickness;
second medium purely viscous withyy, / 7,u=10° (second medium con-
tribution smal). (b) (X,)n atx=—D vs. 8,D for various values of, / 8,

for a small range of sample layer thickness; second medium purely viscous™

with 771/ 7,m= 10 (second medium contribution smalAlso included are
two points for specific layer 1 thickness and material properties vahess
text). (c) (X;)n atx=—D vs. §,D for various values ofy, / 3, for a small
range of sample layer thickness; second medium purely viscous witl
7um! 7= 107 (second medium contribution substantial

moderately small in Figs. (4 and 4b) since B1/8,
=0.001 which corresponds 9,/ 7,~10°, a lower limit

C. C. White and J. L. Schrag

were behaving rigidlysimple added mags(R},)y would be

only that contributed by the second mediganconstant and
(X3)n would increase linearly with increasing;D. As ex-
pected, Fig. 9 shows that R})y is not zero, and that it
exhibits a maximum when the layer 1 thickness is one fourth
the shear wavelengthg¢D=1.57). However, the range of
this plot corresponds to larger sample layer thicknesses than
are typical for QCMs as usually operatddilthough not
shown here, there is an increased broadening and depression
of this peak asB,/B, increases f,y/71y INCreasep
caused by the increased energy dissipation; thus increasing
B1/B, produces an even greater deviation from a simple
mass-like impedance. ThusRY)y becomes significant re-
gardless of the value af, /B, as,/3, increase§>®

A more typical range of sample layer thicknesses is that
of Fig. 4(b); here a small but nonzesgpintercept is observed,
caused by the small but finite impedance of the second layer,
which increases with increasingy / 8,. The closer the slope
of the (R} is to zero, the closer layer 1 mimics rigid be-
havior. The effect of medium 2 is seen in both the inset of
Fig. 4b) and in Fig. 4c) where for very small medium 1
thicknessesR;,)\ is a function ofa, /B8, and is independent
of B,D even if medium 1 is perfectly elastiex¢/B,=0);
(R%)\ also depends om,/3,, of course.

The (X;)n predictions for the conditions of Fig. 4 are
shown in Fig. 5; in Figs. @) and(b) the intercepts are nearly
zero sinceB, /B,=0.001, and there is a nearly linear depen-
dence of K})y on B,D for 8,D<0.3 (slope depending on
a1/B4). A linear dependence ofx(,)\ on 8,D would cor-
respond to rigid mass-like behavior of the sample layer as far
as (X;)n is concerned. The behavior of layers wiih /38,
<0.4 is markedly different whe,;D>0.6, reminiscent of
what was seen in the correspondiriR}{y plots. Figure Bb)
illustrates predictedX;,)y behavior for smalle3,D values
which correspond to more typical QCM operating condi-
tions. The dependence ok},)y on 1D is nearly linear for
any a4 /34 value, and the slope depends @V 3; ; note that
the slope depends oa,/B; even when the sample layer
exhibits rigid mass-like behavior because of the reduced
variable (3,D) thickness format. Thus, when one calculates
the impedance for a layer of specific thickn&dgor purely
elastic and purely viscous cases, th€ ]y values are very
similar since when one changes the viscoelastic ratigB]
the specific value of8 also changes. This is not directly
reflected in these figures. Thus, for example, for a purely
elastic sample layer «;/B8,=0.0) with D=5um, f
=5MHz, B;/B,=0.001, p;=p,=1.0glcnt, and 7y
100P, the ;D =0.280 and X} )y is 0.29 [M on Fig.
5(b)]; if the same layer were purely viscouaq(/8,=1.0),
thenB,D=0.198, and X},) is 0.28[ ¢ on Fig. 5b)]. Thus

for this specific case the maximum error inSOn due to

neglecting the viscoelastic ratio of layer 1 is about 3%. For
larger B,/ , this error will increase. For larges, /B, they
intercepts of K7y Vs. 81D also become significant as the
effects of the second medium become important; again they
are a function ofaq/B; [see Fig. &)] and a,/8, (not

for the case of a metal sample layer with water as the surshowr). Similar behavior was seen for the intercepts for the

rounding second medium. If the sample layeredium 21

(Ry)n plot[Fig. 4(c)]; however, the changes in the intercepts
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0.2+ 3 B1D=0.001942,D=10um, p;=p,=1glen?, f0=6x10°Hz. Curves
0203 3 shown correspond to limiting caségscous and elastic limijfor media 1
. 018 3 o 0005 001 3 and 2. For viscous layer ly,,=5x1CPP; for elastic layer 1,7,y=1
— 0‘16'5 ’ E X 10’P. For smallB,/8,, second medium has negligible effect; for inter-
< 0.14 3 , /B, = PR 3 mediate 8, /,), second medium has major influence that depends strongly
—_— 0“‘5 82% E on “viscoelastic ratios” of both sample and bath media.
0104 0.0 3
0.08 3 o/B; =04 £
0.06 poJpy =1.0 =
3 B/B, =0.01 E . . . .
8'8‘2‘; : : ancd. For (X)n, shown in Fig. ), there is again a ver-
0003 | l | | B tical shift, which is a function ofa,/B,; if the second
004 008 012 016 02 024 medium is perfectly elastic, no vertical shift is seen in this
(b) BD range of 3:D (no shift in the QCM resonance frequency

) caused by bath mediumThus, the contribution toX)
FIG. 6. (@ (R})n atx=—D vs. g,D for various values ofx, /3, for a . .
small range of sample layer thickness; fairly elastic layer 1 with seconofrom the second . medium is dep(.andent_ on the value of
medium of lower complex viscosity magnitudey, / 7,u=10%) (second  a@2/fB,. Note that in many cases this vertical shift could be
medium contribution substantjalThe effect of changing the “viscoelastic determined experimentally from the difference in resonance

ratio” for layer 2 is shown(b) (X})y atx=—D vs. 8,D for various values  frequency for the bare crystal vs. the crystal immersed in the
of a, /B, for a small range of sample layer thickness; fairly elastic layer 1

with second medium of lower complex viscosity magnitude\(/7.m second medlun(,no sample Iayg)r i '8_1,D IS S‘?ﬁ'c'e”t'y

~10%) (second medium contribution modesThe effect of changing the SMall. However, if the first layer is sufficiently thick or fairly

“viscoelastic ratio” for layer 2 is shown. lossy, this approach will not yield the correct offset fre-
quency.

Figure 6 illustrates a case where changing the viscoelas-
for the (X3)n curves of Fig. &c) are quite significant since tic properties(the “viscoelastic ratio” a,/3,) significantly
(X3 directly affects the QCM resonance frequency. Thusaffects the characteristic impedance; however, a different
these intercept shifts should be assessed for a specific expetype of plot(Fig. 7) is needed to illustrate the transition from
ment before employing simplified working equations for aSauerbrey-type to generalized impedance behavior, and also
QCM; the intercept is a function o8,/8,, a1/B; (illus-  the extreme limiting behavior seen ag,,/ 7,y becomes
trated below, anda, /3, so that knowledge of the mechani- very large. Figure 7 illustrates the remarkable changes in
cal properties of both layers may be necessary in order t¢X})y that occur asB; /S, is varied (recall that 3,/8,)
determine the sample layer thickness. =(\2/\1) = [(p1!p2) (mam! mim) 1Y% cod (714) — ($41/2)]/

The cases considered so far have assumed that mediuntag(=/4)— (¢$,/2)]) for a case where the layer 1 thickness is
is purely viscous. The general impedance expresfitm  sufficiently small that Sauerbrey-type equations would apply
(16)] enables for the first time an evaluation of the effect ofif no second mediuntbath were present. The plots shown
a viscoelastic bath medium. To illustrate the effect of a vis-are for an operating frequency of 6 Mhz, a reduced layer 1
coelastic second medium for representative values of ththicknessB,;D=0.001942, an actual layer 1 thickneBs
other variables, the case whetg /B, is 0.4 andB4/B, is =10um, and densitiep, = p,=1.00 g/cni for the four lim-
0.01 is shown. The focus is on sm@iD(B8,D=<0.1), i.e., iting cases for the viscoelastic properties of the two layers:
typical QCM conditions where one might expect Sauerbreyboth layers viscoug(a4/81)=(ay/B,)=1], both layers
type relations to hold. Figure(§ shows R}y vs. 8,D for  elastic[(«;/B81)=(a,/B,)=0], layer 1 viscous with layer
this specific case; changing the “viscoelastic ratiay/8, 2 elastic,[(«a,/81)=1, (a2/B,)=0], and layer 1 elastic
of the second layer causes a substantial vertical ghifion-  with layer 2 viscous (a4/81) =0, (a5/B5)=1]. (Note that
zero (R;)y is a deviation from an ideal mass-like imped- the curves for which layer 1 is elastic are fary=1.0
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X 10’ poise, and the curves for which layer 1 is viscous areduced variables format of Figs. 3—7; thus the frequency shift
for #7u=5%x10° poise to keep B;D constant results are presented in a less universal but more recogniz-
for all four cases. Thus for this figure B1/85)=(nm/ able format.
7w Y2« [0.707 to 1.41%so0 that (3,/8,)? is approximately The use of SHO modeling of the crystal behavior repre-
equal to o,/ 71m- Thus this plot illustrates the onset of sents a balance between mathematical tractability and de-
deviations from the simple Sauerbrey linfiéft side of the tailed physical description. In this modeling there is no de-
figure) caused by the second medium =g,/ 7, becomes  scription of the spatial variation of the crystal displacement
sufficiently large. The expanded-scale inset shows that theithin the crystal, and no prediction of the mechaniQeio
initial deviations from the Sauerbrey limit occur at very be expected for the bare crystal. However, predictions for
small 81/, values if layer 2 is viscoup~5% deviation in much more complete physical models of the crystal itself are
(X3 at (B1/82)=2X10"%, or (om/ nim) ~4x 10 8]; if already availablé? comparisons among existing theoretical
layer 2 is elastic=5% deviation in K3 )y occurs atB, /8, predictions for physically realistic crystal models and the
=4x10 ?if layer 1 is viscous and g8,/B8,=0.2 if layer 1  results for the simpler SHO crystal model presented here
is elastic. Thus knowledge of the ‘viscoelastic ratio” have been performed enabling a quantitative assessment of
(a,1B5) for the second medium is crucial here in order tothe small error associated with the SHO-based prediction of
determine the sample layer thickness unlg8s/3,) is less the QCM resonance frequency shifts induced by the sample
than 10 4. The behavior is more complicated than this mightand surrounding bath media. Two potential sources of small
suggest, however. Ifp1y is changed significantly, these error when employing the SHO model are the shift in the
curves shift in surprising ways. If layer 2 is viscous, thenodal plane in the crystal with the addition of samfyer
value of B,/8, at which 5% deviation is seen shifts as 1) and surrounding medium if only one side of the crystal is
(m1m) Y% if layer 2 is elastic, the 5% deviation point occurs loaded(this effect has been ignored since if both sides of the
at the sameB, /B, for all nqy if 71y is 1000 poise or crystal are equally loaded, no nodal plane shift ocglard
greater. the very small energy loss associated with the piezoelectric
From more extensive analyses of the characteristic imeffect itself(also ignoregdl The negligibly small errors result-
pedance, it is evident that employing the usual simplifiedng from neglecting these effects are discussed later.
working equations introduces error, but this error is fre- A simple harmonic oscillator picture has been applied to
quently negligibly small for many current QCM experi- link the motion of the driving surface of the quartz resonator
ments. The magnitude of this error for specific experimentato the crystal resonance frequency and the mechanical im-
conditions being employed should be calculated before empedance due to the sample layer and surrounding medium.
ploying the simple working equations unleg$;D and The resonance frequency without sampi&:, is given by

B1/B, are sufficiently small(see summany Figures 3-7
demonstrate that knowledge gBf /3, and the “viscoelastic fo:i \/E: i /% 22)
ratio” for both layer 1 and layer 2 frequently are necessary ' 27 VM 2h V pg’

to correctly determine sample layer thickness. where K is now the effective “crystal spring constant”

which is approximately £2/2) (G4A)/h,G, the shear modu-
lus of quartz (3.0% 10*?dynes/cm), A the crystal drive sur-
face area, ant the thickness of the crystah& 0.108 cm for

5 MHz crystal3. M, the effective moving mass of the equiva-

In the previous sections, expressions for the spatialent simple harmonic oscillator, is approximatebyAh/2,
variation of the medium velocity in either layer and the im- wherep is the density(2.648 g/cni) of the quartz(assumes
pedance sensed at the crystal surface have been presentétit the nodal plane of the quartz crystal is always at its
Although this impedance is experimentally accessible, it iggeometric center; this is strictly correct only when both sides
not usually measured. To help provide a link to what is com-of the crystal are loaded identicallywith sample and sur-
monly measuredthe resonance frequency shift due to mediarounding medium present, ER2) become®*°
1 and 2, we assume a simple harmonic oscillator model
representation for the quartz crystal. Impedance expressions AXG,
can then be employed to predict the change in resonance fr:_m+
frequency that would be observed due to media 1 and 2.

In traditional applications of QCMs, the change in reso-where X, is the imaginary component of the characteristic
nance frequency due to the sample and surrounding mediumechanical impedance due to the presence of the sample
is measured. This shift is then analyzed assuming that thieyer and surrounding bath medium. Thmrzfr—f? can
applied film is rigid, and that the effect of the surroundingbe written as
medium is simply to cause a constant frequency shift that

PREDICTION OF SAMPLE-INDUCED RESONANCE
FREQUENCY SHIFTS FOR A SIMPLIFIED QCM
MODEL

2

AX
+(f9)2, (23)

47M

can be subtracted to obtain the frequency shift due only to X5, XS, 2

the sample layer. Here the introduction of the simple har- Afi=——— +(f?)2—f?
monic oscillator(SHO) model of the QCM crystal makes it TN PGq mPqGq

most convenient to evaluate the influence of the sample layer NG NERE

and surrounding bath medium on the resonance frequency in L \/ m +(£9)2— 0, (24)
terms of actual sample thickneggm) rather than the re- 2mpgh 2mpgh ' '
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Equation(24) together with Eq(18) for X}, enables calcula- 6000 6000
tion of Af, as a function of medium 1 thickness (& cm), izzz Q=10 il el jzgg
the «/ g ratios for the two media, and the magnitude of the % 3000
complex viscosity coefficient8n poise for both media. Al- 20004 |G = 1x10° dynesicm? 2000
though Eq(18) specifiesA f, in terms of all five variables, in 1000 % g;;;fgm"“’ 1000
most applications the secoffsurrounding medium has usu- 03 0

ally been a low viscosity, viscous fluid. For this reason the ¥ ;222

second medium is assumed to be a waterlike fluid for theg i
example calculations shown. 000§
To evaluate the precision of the SHO treatment of the  sowoi
crystal motion, comparisons with existing theoretical predic-  -00%
tions based on more detailed models of the crystal have bee  7°% I e
performed. There are three analyses that are particularly use zzzz zzzz
ful: predictions for a crystal surrounded by a viscous me- 00 s ———_———— 10000
dium, for a Sauerbrey type model of the same crystal with 000 010 020 030 040 D‘)(ﬁ%) 080 070 080 080 1.00
attached rigid layer, and for the crystal with an attached vis-
coelastic sample layer. The combination of E¢&4) and FIG. 8. Af, vs. D due to sample layer onlgno layer 3._ Kanazawa model:
(18) reduces to known relations for the first two cadks. solid Imes.'lmpedance/SHO modgl: dashed Ilnes..lefeQ:Nalues corre-

The third and most thorough test of the present model i%pggitﬁe(glsf;eer?;t;ample properties and thus to different shear wavelengths
obtained by comparison with the detailed model of
Kanazawa? He evaluated the shear wave field within both
the crystal reson_ator and an applied viscoelas’_[ic samplsoned with 7,
layer; the crystal is assumed to be perfectly elastic, and th
piezoelectric properties of the quartz are explicitly included
(produces a small increase in the shear modulus of th
quart?. Thus his treatment rigorously models the behavior o
the crystal and one applied sample layer; the two assum
tions (no shift of nodal line position and no piezoelectric
loss employed in our treatment were not employed by
Kanazawa.

Kanazawa denotef/ « asQ; he varied the3/ « ratio for
the sample layer by keepin@’ constant and varying’ as
needed to achieve a specif@ valuel* He then obtained
plots of Af, vs. D for a series of differen® values for layer
1. To facilitate comparisons between our results and those
Kanazawa, it is convenient to expressndg in terms of’

= 1000
b -2000
13000
3 -4000
1 -5000
+-6000

p>,=0 so thatH*=—1.) Note that there
Sre small but distinct discrepancies for sn@jlthese differ-
ences appear to be related to the nodal plane shift in the
8uartz (here only one side of the crystal was loagdethe
fsmaller discrepancies for the large valuesQohre possibly
Riue to the piezoelectric stiffening effect. Thus, Fig. 8 gives
confidence in the predictive validityvithin 2% for A f, with

one side loaded; within 0.5% with both sides loaded for
0.15=<D=1 um) of the simple harmonic oscillator descrip-
tion of the quartz crystal surface motions.

The combination of the SHO-based model and the gen-
eralized characteristic mechanical impedance enables calcu-
cIg\tion of the Af, due to the sample layer and surrounding

ath medium. Evaluation akf, vs. D provides a third for-
] . mat for determining the range of Sauerbrey-type working
and G' rather thanyy and ¢ as in Egs.(4) and (5). One equations. The major disadvantage of this format is that it
requires specifying the physical properties of the sample
172 layer and surrounding medium as well as various instrumen-
tal parameters; hence the predictions are specific to a particu-

obtains
77/ 2
1+ —~| +
G (25) lar set of experimental conditions. Here properties were se-

[ p
p=o 2G’ wn' lected that approximate many current experiment§ (
1 —_— :5 MHZ,A:0317 Crﬁ, a2/B2=1.0,7]2M=0.O]P, P2=P1
_ p

S

1
2

+

G’ =1 g/cn?). Layer 1 thickness is in units of lengiD) in-
stead of wavelengthd;D).
Figure 9 illustrates the effect of changing the complex
77’)2 r’z viscosity magnitudey;y, of the sample layer, assuming it
-1

and

S

1+ — to be perfectly elasticd,/B,=0); medium 2 is assumed to

»\ / , G ] (26) be purely viscous, withy,y,=0.01P (waterlikg. Large de-
2G / wn'\? viations from simple mass-like behavi@Bauerbrey model;

1+ ?) Af,«D) for layer 1 are apparent for thick layers whegp, is
lower than about 100(P. Note that the deviations from

Figure 8 illustrates the very good agreement obtained beSauerbrey-type behavior occur at different spedifigalues
tween Kanazawa'a f, predictions® and these of the present for attached layers with differeng,, values, but the devia-
rigorous impedance analysis combined with our SHO-basetlons begin at similarg,D values. (Significant deviations
approximate modeling of the crystal. Note that these plot®ccur at about Sum for the ;= 100P case which corre-
are such that the wavelength of shear waves in the sampkponds to8;D=0.28; for the »,,=1000P case the same

layer is different for each of th® values plotted in Fig. 8. deviation occurs at about 2m or 3,D=0.26; these points
(To obtain this comparison Eq$18) and (24) were em- are marked on the figune.
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0 2 4 6 8 10 12 14 16 18 20 FIG. 10. Af, vs. D for sample layers with same,, but differing degrees of
D (Thickness um) elastic behavior. Rigid layeiSauerbrey limit prediction also showrisolid

line). Medium 2 assumed to be water-like.
FIG. 9. Af, vs. D for perfectly elastic sample layer as function fy, .
Medium 2 assumed water-like. Rigid lay€auerbreyprediction shown as
solid line. Onset of significant deviation from rigid layer behavior indicated
for two cases:#;y=100P(B,/B,=0.0141), where deviation begins at showed an approximately 3 Hz shift in actual resonance fre-

P1D=0.28; 7,y=1000P(S1/5,=0.004 47), where deviation begins at g, ency and a change in peak widthll width at half height
p1D=0.26. from about 2 to about 7 Hz as the sample went from the
glassy to the rubbery state. If a drive circuit were employed
Figure 10 illustrates deviations from simple rigid-layer in which the feedback loop was slow enough to introduce a
behavior for sample layers with differing values @f/83; . 45 deg phase delaigxceptionally large phase shifthe ap-
Again, medium 2 properties are waterlike. There is signifi-parent resonance frequency shift would be approximately 4.8
cant deviation for3,D=0.28; values for the frequency shift Hz as opposed to the actual resonance frequency shift of 3
that are greater than or less than that for rigid layer behaviokz, leading to a value oK}, and sample layer thickness
(solid line) are observed depending on the valuengf 3. about 60% too large. Thus it is important that the QCM be
Here it would be necessary to know thég ratios for both  operating at resonance for E@4) to be valid*®°?
media andB; /B, when assigning a thickness to the sample
layer based on the frequency shift gf;D is greater than
about 0.06. SUMMARY
These representative plots of predictad, behavior

only reflect changes in the resonance frequency, and thus in Most theoret!cal modeling of QCM experiments has fo-
. . S o cused on extensive and more complete models of the crystal
the imaginary componenk,,, of the characteristic imped-

ance: in actual experiments the real compon®, wil with varying degrees of rigor in treating the effect of an

%%olied sample layer. This study concentrated on a rigorous

cause the observed motional resonance peak to broaden a - . . .
description of the effect of an applied viscoelastic sample

the peak height to decrease in amplitude. If the drive eIecl_ayer and surrounding viscoelastic bath medium, and then

tronics are such that the QCM is driven precisely at reso: o
nance, therx?, is readily determined fromaf,. However, included the crystal by means of a somewhat simplified

. . o . model. Since our results agree with the predictions from
many QCM instruments employ simple electronic drive cir- o o
. ) . . . ._more complete descriptions of the crystal resonator to within
cuitry with high gain feedback loops so that piezoelectric

. o . . ) : two percent at worst, a straightforward and sufficiently accu-
noise voltage generates the initial drive signal; no drive 0S:_te descrintion of a QCM system including crystal, applied
cillator is employed. Any feedback loop has an inherent fi- P y g crystal, app

o . viscoelastic layer, and surrounding viscoelastic medium is
nite time delay, so the instruments actually operate at an

. now available, and experimentally verifiable predictions can
apparent resonance frequency slightly less tharrhus the . . .
. . s be readily obtained. This allows for the assessment of error
actual drive frequency is such that botj, and R}, affect . S )
. . . . in the determination of sample layer thickness caused by
this apparent resonance frequency; if there is a changg,in . L . . .
. : . ) various simplifications of the rigorous analysis equations
only, leading to a change in peak width but no changg jn . : .
. resented here. Of particular interest is the assessment of the
an apparent resonance frequency shift would be measureq.,

For example, a low frequencil3 kHz) QCM-type instru- C?Q.gﬁ grf]evzgggﬁg_ the usual Sauerbrey-type analysis in
ment being developed at NIST to detect the glassy-to- '

rubbery-state transition in a thin polystyrene sample layefa) X =wp.D (Sauerbrey limit; no medium 2 presgisp
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the Af, due to the sample layer is linearly related to the
sample layer mass and hence its thickness;

(b) if a second(bath medium is present, it produces a
constantAf/ offset independent of the sample layer
thickness; thisAf; offset is then subtracted from the
measured total\ f, to approximate the resonance fre-
guency shift due to the sample layer.

/B, =1.0 g
08, .0
3
2

=
/ )

Af (H2)

Note that this assumes that the frequency shifts that would be

seen for media 1 and 2 individually are simply additive when .

the two media are present simultaneously. p
Extensive additional calculatiorfsot shown have been Z

carried out in which parameters have been varied widely to

cover the ranges in which QCMs might be employegd, 10! ST A B IR R R ST A R IR AT 10101

and 7,y from 10° to 10° poise,B; /B, from 10 © to 10"}, D  ny, (Poise)

up to 20um, f, from 1 to 6 MHz, p;=p,=1.0g/cn?, and

a,/B1 and a, /B, varied independently between (8lastic FIG. 11. Af, vs. 7,y for secopd mediu_n(infinite in gxtenl; Fhere is no

limit) and 1(viscous limib]. From these results it is clear that 'faye’ L Thf].fffg“t tOf Ch"z‘j’.‘g'”%z./ Be iy e’t‘.plorefd'b"'“S"at:j“?hthf’,‘t.the

if B,D is sufficiently small[(8,D)=<0.0628, or D/\) ggg‘;ﬁgﬁ{;c‘,,, foliethg l;gfh'umﬂdiui_a unction of bofy and the “vis-

=<0.01 so that one would be in the Sauerbrey limit if only

layer 1 were presehtand B4/, is sufficiently small[lim-

Frequency =5 MHz
Density = 1.0 g/cm3

iting values are B,/B,)<0.04 if layer 1 is viscous; 2
(B1/B2)<0.2 if layer 2 is elasti; then X}, for the QCM 7om=1.57X 105.ﬂ.D2 (cgs units, (29)
with sample layer 1, immersed in bath medium 2 is, to a p2

good approximatior{less than five percent erjorequal to (D in cm); then the second medium contribution can be ig-
the sum of the individual contribution@isual assumption  nored(less than three percent erroNote, however, that for

Thus in this regime sufficiently thin films even the correction for air or partial
vacuum (nearly samen,,) becomes essential. Figure 11
Xo= (X st (X5)2 shows theAf, due to shear wave propagation in medium 2
) (no sample layer presenas functions ofzy,y and a, /B,
=wp1D+\wpanom SN (m/4) = (¢2/2)], (27 \which corresponds toAf,), when the criteria for simple
additivity of the independent frequency shifts are met.
and the resultanA f, is given by It is clear that the secon@ath medium in many QCM
experimental situations has produced an effectively indepen-
Af=(Af)s1+(AT), dentAf, shift. However, care should be exercised when con-
\/f—O sidering QCM applications to new samples to insure that this
—_— _r[ \/f—rﬁplDJr L [P27em sin (7/4)— ($,12)11, assumption is valid. The theorethal predlctlons of thrge dif-
pgh 2m ferent aspects of the QCM experimdttte spatial variation

(29) of the velocity, the characteristic mechanical impedance due
to sample layers, and thef,) taken together show the physi-

where the subscripts 1 denote Sauerbrey limit for layer 1, cal basis for observed deviations from Sauerbrey-like behav-
and 2 denotes bath medium 2. Also, note that in this regimér- Of these, the impedance is probably the most useful
one does not need to know the viscoelastic properties ofince full immpedance measurements would result in more in-
either medium since the Sauerbrey limit for layer 1 is inde-formation than is currently obtained frotaf, data.
pendent of these properties and the medium 2 contribution
can be measured directly by simply immersing the bare crysackNOWLEDGMENTS
tal in medium 2. o _ _

However, if eithers;D>0.0628 orB, /3, exceeds the Partial f|nanC|z_iI _sgpport was prowded by the Polymers
limits specified(>0.04 if layer 1 is viscous;>0.2 if layer 1 ~ Program of the Division of Materials Research of the Na-
is elastig, the simple additivity assumption fails and one tional Sciences FoundatioriGrants DMR-9223212 and
must use the rigorouXs, of the characteristic impedance DMR-9818585 and by the Graduate Research Committee of
[Eq. (18)] together with Eq(24) to obtainAf, for a given the _Graduate School of the University of Wisconsin-
layer thicknes®, or D for a givenAf,. Thus, here one must Madison.
know or measurédat ff’) the viscoelastic properties of both
media in order to obtail from a measuredf, . APPENDIX: EVALUATION OF PARTICLE VELOCITY

A further simplification results whep;D=<0.0628 and AND VELOCITY GRADIENT IN MEDIA 1 AND 2
B11 B, is sufficiently smal(<0.04 if layer 1 is viscouss0.2

if layer 1 is elasti¢ and the secondbath medium is such ~ From Egs(7) and(8) the spatial variation of the velocity
that £ in medium 1 is given by
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-f*:KeJri(w’[*71X)+§e+i(wt+)’1x)1 for —D=x=<0 . -fo(—iYzefiyzx-i-H*iyze’WzX)ei“’t
(Al) g = e|fle_H~ke—|»y1D fOI‘ x=0.
and in medium 2 by (A13)
g =Cetiw=7220 for x=0. (A2) Equations (A10)—(A13) specify the velocity and velocity

gradient in each of the two media. In order to examine the
From Equation(9) and the assumed coordinate system, thepredictions of these expressions it is convenient to rewrite
shear ratey}, = agy/ang*, the velocity gradient in the them in terms of real and imaginary components. Consider
direction. theH* parameter from EqA6); sincey;=Bj—ia;, 1/

The three unspecified complex coefficient_s,E,GC_) in can be written as

Eqg. (Al) gpd(AZ) are .evaluated' by employing three bound- v, Ba[1+ (aylBy)?]Y2 el 1
ary conditions: no slip at the interfaces xat —D and x v Bollt (@B )2]1/29 iltan™(ay /) —tan “(az/p2)]
=0, and shear stress continuity across he0 interface. Y2 P2 272

Thus =Ae '’ (A14)
'g* |X:_D=§Oei“", (A3) so thatH* can be written as
'5’1*|X:0='§’2*|X:0, (A4) H*:[(PZ/P1)A]22_1_i[2(P2/91)A5in0]: +id.
[(p2/p1)A]*+2(po/p1)Acost+1
and (A15)
7191 [x=0= 759 |x=0- (AS)  The expressions for the velocity and velocity gradient pro-

A useful quantity H* , that appears in subsequent e uationsﬁles may now be written out more simply. To do so, eight
d ty PP . g additional useful quantities are defined as follows:

is defined as
PaY1 K=(1+c)coq B1x)cosh a;x)—d sin(B;x)cosh a;X)
- +1
= 73 Y2~ M Y1 p1Y2 (A6) +(c—1)cog B1x)sinh(a;x)
- % * - .
mY2tmYL _P2N1 g —d'sin( ) sinh ayx), (A16)
P17Y2
Application of the boundary conditions to Eq&1) and L=(1+c)sin(B1x)sinh(a;x) +d cog B1X)sinf( a1 X)
(A2) yields +(c—1)sin( B1x)cosh a;X)
_ & +d cog B1x)cosi a;x), (A17)
A= @D _H*g 7D’ (A7)
E=(1-c)cogB,;D)cosia;D)—dsin(B,D)
— §oH* X cosl{a; D)+ (c+1)cog B;D)sinh ;D)
B__elle_H*eﬂlev (A8)
+dsin(8,D)sinha4D), (A18)
— &(1-H*) _ . o
C= gmb gm0 (A9) F=(1+c)sin(B,D)cosl{a;D)+(1-c)sin(B,D)
X sinh(a;D)+dco D)sinh( ;D
Substituting these expressions into Egsl) and (A2) give (D) b (D)
_ +dcogB;D)cosia;D), (A19)
é_‘o(e*i YIX_ H* ei 71X) ei wt
&= a7D ¥ e 17D for —D<x=<0, (Al0) P=(1-c)cog B;x)cosh a;x)+d sin( B;x)cosh a;x)
and —(c+1)coq B1x)sinh(a41X)
'go(e‘iyzx— H* g2y glot +d sin(81x)sinh a;x), (A20)
* = =0.
¢ D _prg D for x=0 (A1) Q=(1+c)sin Bx)cosh a;x) — (1—¢)sin B1X)
The velocity gradient is obtained from Eq#10), (All), X sinh(@;x) +d cog Bx)sinh a4X)
d(9).
and(9) +d cog B1x)cosh a;X), (A21)
Eoliy,87 17X+ H* iy 071 71Xyl .
= — gD _[*e 7D for —D=x=0, J=(c—1)coq B,yx)cosh ayx)—d sin( B,X)CoSH a,X)
(A12) +(c—1)cog B,x)sinh a,x) —d sin( Box)sinh apX),
and (A22)
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N=—(c—1)sin(B,x)sinh a,x) —d cog Box)sinh a,X) éo(i yie X4y et 71X glet
) = b 7D for —D=x=0,
+ (c—1)sin( 8,X) cosh a,x) err—e '
(A29)
—d cogq Box)coshH ayX). (A23)

which are the known expressions for the fixed reflector
With these definitions, Eq$A10) and (A12) can be rewrit-  geometry:>*°Second, if the properties of the two media are

ten as identical, the velocity and velocity gradient expressions must
reduce to those for a freely propagating plane shear wave
E[P— iQ] traveling in the+ x direction since no reflected waves will be
&= W produced aix=0. Settingn} = 7 givesH* =0, and Egs.
(A24) and(A25) reduce to
2 1/2
5 [2 +(3 1]2 i[wt—tan Y(Q/P)—tan” L(F/E)] , (g e Irxyglet
= e
[E?+F?] ¢ =—mmp— for x>-D, (A30)
for —D=x=<0, (A24) and
and T —iy1x) a0t
iy,e”'")e
_ _ o Sl -z ) for x=-D, (A31)
. GivlKriLlet €
[E+iF] which are the expected freely propagating shear wave

expression§&47:49
§031[1+ (1! B1)2 1M K2+ L2]V2

[E2+ F2]1/2
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